The isospin, spin and parity dependent potential of a pair of B mesons is computed using Wilson twisted mass lattice QCD with two flavours of degenerate dynamical quarks. The B meson is addressed in the static-light approximation, i.e. the b quarks are infinitely heavy. From the results of the B B meson-meson potentials, a simple rule can be deduced stating which isospin, spin and parity combinations correspond to attractive and which to repulsive forces. We provide fits to the ground state potentials in the attractive channels and discuss the potentials in the repulsive and excited channels. The attractive channels are most important since they can possibly lead to a bound four-quark state, i.e. abbud tetraquark. Using these attractive potentials in the Schrödinger equation, we find indication for such a tetraquark state of two static bottom antiquarks and two light u/d quarks with mass extrapolated down to the physical value.
Introduction
The spectrum of hadrons can in principle be computed from Quantum Chromodynamics (QCD). QCD allows for hadrons formed by a quark and an antiquark (i.e. mesons -qq) and by three quarks (i.e. baryons -qqq), as well as for hadrons with more quarks, as long as they form colour singlets. Prominent examples of the latter are tetraquarks [1, 2] and pentaquarks [3, 4] . Pentaquarks have recently been observed in the LHCb experiment at the Large Hadron Collider in CERN [5] . However, for tetraquarks, four-quark bound states composed of two quarks and two antiquarks, mostly unconfirmed candidates exist -e.g. light scalar mesons σ, κ, f 0 (980) and a 0 (980), as well as the heavier charm-strange mesons D * s0 and D s1 . It is presently not clear whether these states are sufficiently well described by the quark models assuming the standardstructure and it is likely that they are a mixture of this standard quark structure and a tetraquark structure. Although many of these states, e.g. the Z ± c , have received considerable experimental attention by the BELLE collaboration [6, 7] , the Cleo-C collaboration [8] , the BESIII collaboration [9, 10, 11, 12, 13] and the LHCb collaboration [14] , it is still necessary to extend these measurements to know more about the decay channels. Combined with theoretical investigations, it may allow to clarify the status of these candidates in the near future.
The role of lattice QCD in this context is important, since it allows for quantitative predictions directly based on the QCD Lagrangian. There are several different strategies that can be followed.
First, one can assume the standard quark-antiquark picture and calculate the expected masses of mesons with desired quantum numbers. If the reached precision is conclusive, any deviations of the computed mass from experiment strongly suggest that the underlyingstructure is not the correct one. However, this is at best an indirect vague evidence for a tetraquark structure. Moreover, such computations encounter several difficulties, in particular related to decays. Furthermore, such investigations are essentially limited to hadrons containing quarks not heavier than the charm quark, since the dynamical treatment of bottom quarks is at present very difficult, i.e. it would require very fine lattice spacings.
Second, one can also assume a pure tetraquark structure, as done e.g. in Refs. [15, 16, 17, 18, 19, 20] . This is even more challenging, since the number of Wick contractions increases with respect to thecase and it is essential to precisely compute the typically noisy disconnected contributions. Probably due to these difficulties, Lattice QCD computations with four quarks of finite mass have so far found no evidence for charmed tetraquark bound states with ccūd [21, 22] nor for resonances of the Z c family [18] .
A third possible approach is using the static approximation for all four quarks. Lattice QCD computations show clear evidence for four-body tetraquark potentials [23, 24] and tetraquark flux tubes [25, 26] . These potentials are then used as input for four-quark models. However, even with a state-of-the-art unitarized four-quark model, the number of tetraquark bound states and resonances produced with the static potentials tend to be too large [27] .
The fourth strategy and the one we follow in this work is a compromise between the previously discussed approaches. We treat the heavy quarks in the static approximation while the light quarks have a finite mass. This is most appropriate if the heavy quarks are bottom (anti)quarks. One can then extract via lattice QCD the potentials of two static antiquarks in the presence of two quarks of finite mass. Here, we extend recent studies ofbbud tetraquarks [28, 29, 30] . In particular, we consider the light-quark mass dependence of tetraquarks found in Ref. [30] with unphysically heavy u/d quark mass and we find evidence that the binding survives in the limit of the physical pion mass. Moreover, we discuss in more detail the lattice techniques that we use and we also show complete results for many different B B channels, attractive and repulsive and containing ground state as well as excited B mesons. In the near future, we also plan to perform an extension of our investigations to the related bb tetraquarks claimed by the BELLE Collaboration [31] . Such tetraquarks are more difficult to study with lattice QCD, since they couple to several decay channels.
The strategy that we follow to avoid some of the tetraquark technical difficulties follows an idea proposed already in the 1980s [32, 33] . We studybbud four-quark systems for which it is clear, from the basic principles of QCD, that they form bound states if the antiquarks are heavy enough [32, 33, 34, 35, 36, 37, 38, 39, 40, 41, 42] . To understand why binding should occur, it is convenient to use the Born-Oppenheimer [43] perspective, where the wave function of the two heavy antiquarks is determined considering an effective potential describing the light quarks. At very shortbb separations, theb quarks interact with a perturbative one-gluon-exchange Coulomb potential, while at large separations, the light quarks screen the interaction and the four quarks form two rather weakly interacting B mesons, as illustrated in Fig. 1 . Thus, a screened Coulomb potential is expected. This potential clearly produces a bound state, provided the antiquarksbb are heavy enough.
The calibration problem of quark models is avoided by usingbb potentials obtained from lattice QCD computations. We profit from the fact that the very heavy bottom antiquarks allow for the Born-Oppenheimer approximation [43] . From the perspective of the two lighter quarks, the heavy antiquarksbb can be approximated as static colour charges. The static approximation is most appropriate for a comparatively easy extraction of the potential in lattice QCD. Then, after the energy of the light quarks u/d is found, it can be used as an effective potential for the heavy antiquarksbb. For a detailed introduction to this strategy, see Refs. [28, 30] .
Moreover, this approach may turn out to be very interesting for effective models, relying on hadron-hadron potentials. The most important hadron-hadron potential is the N N interaction, derived and modelled in great detail by several groups, crucial for our understanding of many aspects of nuclear and astrophysics. A problem with the different N N potentials is that they can not be measured directly. Thus, the lattice QCD potentials between static-light mesons [44, 45, 46, 47, 48, 49, 50, 52, 51, 53] might be used to test the techniques used by different groups to derive the N N interactions, either from quark degrees of freedom [54, 55, 56] or from effective degrees of freedom [57, 58, 59, 60] .
The paper is organized as follows. In Sec. 2, we shortly review twisted mass lattice QCD and our lattice setup. Sec. 3 discusses the creation operators used to excite the states that we investigate and the relevant symmetries. Sec. 4 presents our numerical results and provides a detailed discussion of our findings. We conclude in Sec. 5. 2 Twisted mass lattice QCD and lattice setup
Twisted mass QCD (tmQCD) is a formulation of QCD with a chirally rotated mass term. It was introduced in Refs. [61, 62] , where it was shown that this theory is equivalent to standard QCD, but in its lattice formulation there is a possibility to obtain the so-called automatic O(a) improvement, which means that the discretization effects are absent at O(a), leaving O(a 2 ) as the leading cut-off effects.
In this paper, we work with tmQCD on the lattice (tmLQCD), with N f = 2 dynamical quark flavours and the fermionic action takes the form [61, 62] :
where D W is the standard Wilson Dirac operator:
with the forward (∇ µ ) and backward (∇ * µ ) covariant derivatives, χ = (χ (u) , χ (d) ) is the light quark doublet in the so-called twisted basis, related to the physical basis by the twist rotation:
where ω is the twist angle.
The gauge action used in our current work is the tree-level Symanzik improved action [63] :
where
g 0 is the bare coupling, P 1×1 , P 1×2 are the plaquette and the 1 × 2 Wilson loops, respectively. To achieve automatic O(a) improvement, the hopping parameter κ = (8 + 2am 0 ) −1 , is tuned to maximal twist by setting it to its critical value, at which the PCAC quark mass vanishes [61, 64, 65, 66, 67] . The condition of automatic O(a) improvement corresponds to tuning ω in Eq. (3) to ω = π/2.
We use three ensembles of gauge field configurations generated by ETMC, with parameters listed in Tab. 1. The lattice spacing is around 0.079 fm and the infinite-volume pion mass m π ≈ 340 MeV (B40.24), m π ≈ 480 MeV (B85.24) and m π ≈ 650 MeV (B150.24). The physical spatial extents of the lattices are around 2 fm. We use a unitary setup, i.e. a doublet of degenerate u/d valence quarks described by the action (1). The corresponding u/d quark masses for our ensembles are unphysically heavy, but allow for an extrapolation to the physical light quark masses.
The number of used configurations is 480 for B40.24, 400 for B85. 24 [73] : B ± , B 0 ,B 0 ). Their masses are around 5.3 GeV and are dominated by the contribution from the bottom quark/antiquark. In Lattice QCD, the lighter quarks (u, d, s, c) can be treated fully relativistically. This is, however, not possible when it comes to the bottom quark, whose mass is larger than the typical UV cut-off on the lattice, i.e. the inverse lattice spacing. One way to treat the b quark is to use Heavy Quark Effective Theory (HQET) [74, 75] . The leading order of HQET is the static approximation, which means that the bottom quark is treated as infinitely heavy and hence static, i.e. its spatial position is fixed. This approximation is used in all lattice computations in this paper.
Hence B mesons are approximated as static-light mesons, which are made from a static antiquark Q and either of the light quarks (u, d) 1 . The isospin I = 1/2 and I z ∈ {−1/2 , +1/2}. There are no interactions involving the static quark spin 2 , hence it is more appropriate to classify static-light mesons by the total angular momentum of their lighter (fully relativistic) degrees of freedom j. The total angular momentum is j = |l ± 1/2|, where l is the orbital angular momentum and ±1/2 is the spin of the light quark. We do not consider angular momentum l = 0, therefore j = 1/2 and j z = {−1/2 , +1/2}, which is the spin of the u/d quark. Parity is also a quantum number, P ∈ {+ , −}. However, charge conjugation is not a good quantum number, since the two quarks in a meson are non-identical.
We use yet another common notation to label the states:
• S denotes the state with l = 0 (s-wave), j = |j z | = 1/2, P = −, corresponding to B/B * in Ref. [73] with J P = 0 − (B ± or B 0 mesons) or J P = 1 − (B * ); in the static limit, B/B * mesons are degenerate in mass, since the parallel or anti-parallel alignment of the spin of the b antiquark and the lighter quark spin does not matter, because the spin of a static antiquark does not contribute to the energy of the system,
• P − denotes 3 Experimentally, this corresponds to B * 0 (with J P = 0 + ) or B * 1 (J P = 1 + ) in Refs. [78, 79] (these are, however, very broad resonances with largely unknown properties, in particular they are not included in Ref. [73] ).
• We do not consider angular momentum excitations in this work, but the next states would be P + (l = 1 in quark models, l = 1 or l = 2 in QCD) with j = 3/2, P = +, corresponding to B 1 (J P = 1 + ) or B * 2 (J P = 2 + ) [78, 79] (these resonances are narrow enough and hence have been much better investigated, in particular B 1 and B * 2 are included in Ref. [73] ), then D − (l = 2 in quark models, l = 1 or l = 2 in QCD), j = 3/2, P = −, etc.
The trial states to investigate static-light mesons areQΓψ|Ω for theQq case. For the ground state (S meson), Γ can be chosen as γ 5 (1 − γ 0 )/2, or γ j (1 − γ 0 )/2, while for the first excited state (P − meson), Γ can be (1 + γ 0 )/2 or γ j γ 5 (1 + γ 0 )/2. Note that this holds in QCD, while in tmLQCD S and P − are from the same sector, since parity is not an exact symmetry (see below).
For a more detailed discussion of static-light mesons, we refer to Refs. [80, 81] .
BB systems

Continuum
Our aim is to to determine the potential of a pair of B mesons as a function of their spatial separation r, taken to be along the z axis. We will consider static quarks which are antiquarks, i.e. the B meson isQq. Let the positions of the static antiquarks to be r 1 = (0, 0, −r/2) and r 2 = (0, 0, +r/2), i.e. r = |r 1 −r 2 |. These coordinates then define the position of each static-light meson.
We now discuss the quantum numbers that characterize the B B states.
Flavour quantum numbers. The isospin is carried only by the u and d quarks. The B B system consisting of twoQu orQd static-light mesons can thus have isospin I ∈ {0 , 1} and
Angular momentum. Rotational symmetry is restricted to rotations around the axis of separation of static antiquarks, hence the states can be classified by the z-component of the total angular momentum. Since the spin of the static antiquark plays no dynamical role, it is more appropriate to label states by j z of the relativistic u/d quark, i.e. j z ∈ {−1 , 0 , +1}.
Parity. The states can be labeled by the eigenvalue of the parity operator P ∈ {+ , −}.
Reflection across x-axis. For states with j z = 0 another symmetry exists -reflection around one of the axes perpendicular to the axis of separation, chosen here to be the x-axis. We label the corresponding quantum number by P x , which can take values {+ , −}. Note that when using |j z | instead of j z , P x is a quantum number for all states, i.e. also for j z = 0.
Summarizing, BB states can be labeled by five quantum numbers: (I, I z , |j z |, P, P x ).
We now discuss our trial states for BB systems. In general, they take the form:
where C is the charge conjugation matrix (that can be chosen as C = γ 0 γ 2 ), Γ andΓ are given combinations of γ matrices (the possible choices of Γ are listed in Tab. 2, while forΓ, onlỹ
give non-zero correlators; the obtained potential does not depend on whichΓ matrix was chosen), the lower capital Roman indices are Dirac indices, the upper indices f, f ′ are flavour indices and a, b are colour indices. Note that the coupling of the light degrees of freedom in spinor space via Γ determines the quantum numbers |j z |, P and P x . We consider the following flavour combinations:
BB trial states are collected in Tab. 2, together with their quantum numbers.
Twisted mass lattice QCD
Working with twisted mass fermions on the lattice, it is convenient to express the trial states in the twisted basis, related to the physical basis by the chiral rotation (3). The trial states then read:
The lattice formulation of QCD breaks some continuum symmetries that are restored only in the continuum limit. Moreover, twisted mass fermions break two additional continuum symmetries (with respect to e.g. standard Wilson fermions) -parity and isospin. However, also this breaking is only an O(a 2 ) discretization effect (at maximal twist), i.e. in the continuum these symmetries are restored. Further below, we discuss the effects of this on the investigated issue, in particular on the labeling of states.
Rotational symmetry. The space of continuum QCD is symmetric under the rotation group SO(3). On the lattice, this group is broken to the cubic group H(3), which implies that the symmetry constraints are less strict and hence mixing within different representations of the full SO(3) group can occur. In our case, instead of an infinite number of representations labeled by j z = 0, ±1, ±2, . . ., there are only three different cubic representations, where the continuum representations are mixed, corresponding to j z ∈ {0, ±4, ±8, . . .}, to j z ∈ {±1, ±3, ±5, . . .} and to j z ∈ {±2, ±6, ±10, . . .}. With our creation operators (6), we can study the first two of these cubic representations. We do not attempt to assign continuum j z values to the extracted lattice Table 2 : Quantum numbers of BB trial states; given are also combinations of Γ structures that lead to the cancellation of certain states; see also Tab. 5. "result" characterizes the shapes of the numerically computed BB potentials (A: attractive potential; R: repulsive potential; SS: lower asymptotic value 2m(S); SP: higher asymptotic value m(S) + m(P − ); PP: highest asymptotic value 2m(P − )). The states are ordered according to: (1) |j z | = 0, 1, (2) attractive/repulsive potentials (for the flavour structure ud − du), (3) increasing asymptotic value of the potential, (4)
states in a rigorous way. However, since large angular momentum is usually associated with high energy, it is plausible that the lowest lying states we investigate correspond to j z = 0 and |j z | = 1, respectively.
Isospin. As we mentioned above, twisted mass lattice QCD breaks isospin at finite lattice spacing. The most prominent example of this fact is the splitting between the neutral and charged pion masses. In our investigations, the consequence is that I is not a quantum number, only I z is conserved. This leads to a mixing between the continuum sectors (I = 0, I z = 0) and (I = 1, I z = 0). 4 As we will mention below, isospin breaking can give some estimate about the size of cut-off effects.
Parity. Parity P is broken by twisted mass fermions. However, a particular combination of parity and isospin rotation is still a symmetry:
e. parity combined with light flavour exchange. The properties of trial states under P (tm) depend on the considered flavour structure:
• I z = 0 trial states (with light flavour structure ud ± du) have definite properties under P (tm) (uu ↔ dd).
• I z = ±1 trial states (light flavour structure uu or dd) do not have definite properties under P (tm) .
• Trial states with light flavour structure uu ± dd have a definite P (tm) quantum number, but I z is not definite.
There is no conceptual advantage of using either uu/dd or uu ± dd, since the spectrum of the two sectors (no matter whether they are split by I z or by P (tm) ) is degenerate. Due to simpler notation, we decide for uu/dd.
Reflection around x-axis. As in the continuum, it is important to consider also reflections around one of the axes perpendicular to the axis of separation. Again, we choose the x-axis.
The properties of trial states with different flavour structures are:
properties.
• For states with I z = ±1 (light flavour structure uu or dd), only P (tm) × P (tm) x is a quantum number.
We list all the trial states and quantum numbers for the twisted mass case in two tables: for I z = 0, i.e. χ (1) χ (2) = ud ± du, see Tab. 3, while for I z = ±1, i.e. χ (1) χ (2) = uu or dd, see Tab. 4.
Interpretation of trial states in terms of individual B mesons
The creation operators in the trial states introduced in Eq. (5) 
and spin projectors for the non-static quark fields are:
where the plus (minus) sign corresponds to j z =↑ (j z =↓).
We work explicitly in the Dirac representation of the γ-matrices with the following conventions: Table 3 : Twisted basis (tb) and physical basis (pb) quantum numbers for ud ± du. Different physical basis multiplets are assigned capital letters, while different twisted mass sectors are assigned small letters. which is the most convenient, since it yields diagonal parity projectors. The four parity-spin projectors have then the following form:
The sum of the four above projectors is, of course, the identity operator 1 = P P=+ P jz=↑ + P P=+ P jz=↓ + P P=− P jz=↑ + P P=− P jz=↓ ,
which can be inserted into the light spin coupling of a BB creation operator with a Dirac gamma structure Γ:
The coefficients c P 1 j 1 ;P 2 j 2 represent the static-light meson content, i.e. they can take a value of ±1 or ±i indicating that a given trial state excites the two B mesons with parity P = P 1 , spin Table 5 : Relation between the physical basis γ structure and the static-light meson content. For brevity, P −;↓/↑ is denoted as P ↓/↑ . j z = j 1 and parity P = P 2 , spin j z = j 2 or the value 0, if a given meson pair is not excited by the considered operator. We remind that P = + corresponds to the P − meson and P = − to the S meson. Together with the light cloud angular momentum j 1 and j 2 , there are 16 possibilities for the meson content related to a given trial state, but only 4 coefficients c P 1 j 1 ;P 2 j 2 are always non-zero. The meson contents for all possible Γ structures are listed in Tab. 5.
4 Numerical results
Lattice techniques
In this work, we use several techniques to improve the signal quality.
In particular, to get a better suppression of excited states in correlation functions, we employ operator optimization by APE smearing [82] of spatial links (N APE = 30, α APE = 0.5, cf. Eq. (3.4) in Ref. [80] ) and Gaussian smearing [83] (N Gauss = 50, κ Gauss = 0.5, cf. Eq. (3.6) in Ref. [80] ). Moreover, we use stochastic propagators and timeslice dilution. This part of our setup is very similar to the one used in the study of the static-light meson spectrum [80, 81] and baryon spectrum [84] .
Similarly to Refs. [80, 81, 84] , we also use the HYP2 action for the static quarks (with HYP smearing [85] parameters α 1 = α 2 = 1, α 3 = 0.5 [86] 
B B potentials -qualitative behaviour
In this section, we consider the general behaviour of B B potentials, in particular we deduce a rule when a given potential is attractive and when it is repulsive. We use lattice data for our ensemble B40.24 with valence quark mass set to its unitary value, yielding a pion mass of around 340 MeV. The latter is still unphysically heavy, i.e. an extrapolation to the physical pion mass (see Sec. 4.5) is needed for solid quantitative statements about e.g. the mass differences of the B mesons.
Having a trial state given in Eq. (6), which is of the form O|Ω , we can construct the correlation function:
where the argument of O is Euclidean time. The effective mass plots for the decay of such correlation function provide information about the B B potential between mesons excited by a given operator. For large separations, one expects the saturation of the potentials at a value corresponding to the sum of masses of the two lightest mesons excited by a given trial state. When using the elementary Γ structures from Tab. 5, this can either be two S mesons or one S meson and one P − meson, so at large separations the plateau value is 2m(S) or m(S) + m(P − ), which differ by about 400 MeV in the continuum (the value on the lattice can be different due to cut-off effects). Thus, we also consider linear combinations of Γ structures to access states with asymptotic values of 2m(P − ) (cf. Tab. 2) -an example is Γ = γ 5 − γ 0 γ 5 , where the contribution from SS cancels and the one from P − P − adds up, such that the ground state is dominated by the P − P − state (otherwise an excited state in both Γ = γ 5 and Γ = γ 0 γ 5 ).
We now consider the number of distinct potentials that can be formed from the considered trial states. The B B system consists of two B mesons and each of such mesons has 2 possibilities for the quantum numbers I z = ±1/2, j z = ±1/2, P = ±, i.e. 8 possibilities in total. This gives 8 × 8 = 64 different correlation functions for the B B system. Equivalently, one can consider the spin coupling of the relativistic quarks (4 × 4 matrix Γ, i.e. 16 possibilities) and their flavour content (4 possibilities), which again gives 16 × 4 = 64 different correlation functions.
Although some of the potentials have different quantum numbers, they are related in the continuum by isospin symmetry or by rotational symmetry around the z-axis. The former leads to degenerate I = 1 triplets and the latter to |j z | = 1 doublets. Moreover, there are qualitatively 6 different potentials: attractive potentials with the asymptotic value of 2m(S), m(S) + m(P − ) or 2m(P − ) and repulsive potentials with the same asymptotic values. The number of potentials for each case, together with their degeneracies is:
SS potentials, attractive: 1(A) ⊕ 3(E) ⊕ 6(K) (10 states). repulsive: 1(B) ⊕ 3(F ) ⊕ 2(I) ( 6 states). breaking in twisted mass LQCD, the I = 1 potentials with I z = 0 and I z = ±1 and otherwise identical quantum numbers are not exactly degenerate. Since isospin breaking is a discretization effect, these states become degenerate in the continuum limit. In this way, the difference between them can be considered as a crude estimate of the magnitude of cut-off effects.
As we already mentioned, there are qualitatively 6 different cases, attractive/repulsive potentials with 3 different asymptotic values, depending on the lowest state excited by the given creation operator. Examples for all these cases are shown in Fig. 2 . The correlation functions entering this plot are members of the same twisted mass sector (called "i" in Tab. 4). In the left plot, we show the potentials extracted from single correlators, while in the right plot, the potentials are extracted from a 6 × 6 correlation matrix using the generalized eigenvalue problem [87] . The horizontal lines correspond to the 3 different asymptotic values, as extracted from a 2 × 2 correlation matrix of 2 static-light meson correlation functions. In both plots, we obtain qualitative agreement with the expectations from Tab. 4 about the behaviour of potentials. Differences within errors are observed only for the cases of SP − and P − P − potentials and are probably due to contamination by excited states (short plateaus at small t because of limited signal quality). However, for SS potentials, there are no such differences and hence there is no problem for our bound states analysis.
It is important to emphasize that even if the quantum numbers of considered potentials are the same, the resulting types of potential can be different. In the case of Fig. 2 , all quantum numbers are the same in the twisted basis, but we observe both attractive and repulsive potentials and all three possible asymptotic values. This results from the fact that, as Tab. 5 indicates, different cases have very different meson contents. Thus, the states that are excited for different correlators with the same quantum numbers can be very different -in some cases it can mainly be the ground state and in some cases mainly some excited state.
The complete analysis of 36 independent potentials in the twisted mass case leads to the observations about whether a potential is attractive or repulsive, reported in Tabs. 3 and 4. They can be summarized in terms of a simple rule that involves the behaviour of the trial state cor-responding to the potential under meson exchange, i.e. under combined exchange of flavour, spin and parity. If the trial state is symmetric/antisymmetric under such meson exchange, the resulting potential is then attractive/repulsive. Consideration of the individual meson content for the trial states of potentials included in Fig. 2 (and Figs. 4 and 5 below) allows to easily verify this rule. The deduced rule is in agreement with a less general rule obtained in earlier quenched computations of B B potentials [47, 50] , which, however, only considered potentials between ground state S mesons. It can also be justified in the following way. Consider the one-gluon exchange between two static antiquarksQQ. The resulting potential, valid for small r, is of Coulomb type V (r) ∝ g 2 /r, where g is the coupling and r is the separation between antiquarks. TheQQ pair can be either in the colour 3 or6 representation. For the former case, the proportionality constant is negative (attractive potential) and for the latter positive (repulsive potential) due to the Casimir scaling. Let us now consider the attractive case. The light quark wave functions have to be antisymmetric (Pauli principle). If the static antiquarks are in the 3 representation, the light quarks are in3, which is antisymmetric. This implies that the symmetry with respect to combined exchange of flavour, spin and parity of the light quarks can not alter the total antisymmetry of the wave function, i.e. the trial state has to be symmetric under such combined exchange. Analogously, the repulsive symmetric6 representation together with the antisymmetry of the fermionic wave function implies that the repulsive potential is obtained when the trial state is antisymmetric with respect to the above mentioned combined exchange.
B B potentials -results for all channels
In this subsection, we again use lattice data from the B40.24 ensemble. We start by comparing results with and without HYP smearing of world lines of static quarks -see Fig. 3 . We show only attractive potentials with 2m(S) (subtracted from the potentials) as the asymptotic value, coming from multiplets A, E and K of Tabs. 3 and 4. In general, for separations r > ∼ 2a, the results from HYP and non-HYP cases are compatible, but with visibly reduced statistical errors for the former. In the small-separation region, however, HYP smearing significantly distorts the potential by filtering out UV fluctuations. We, therefore, restrict the remaining discussion to separations r ≥ 2a and use the HYP results, which exhibit significantly smaller errors.
We present our results for all (I, I z , |j z |, P, P x ) channels in Figs. 4 and 5, including for the first time also potentials between excited mesons. The potentials were shifted vertically, such that the zero value corresponds to the asymptotic value of 2m(S). The horizontal lines correspond to 2m(S), m(S) + m(P − ) and 2m(P − ). Fig. 4 shows 12 potentials corresponding to I = 0, with flavour structure ud ± du, quantum numbers contained in the label of each plot and Γ-structures given in Tab. 3. There are four singlet channels (I = 0, j z = 0) with different combinations of P/P x and two spin doublet channels (I = 0, j z = ±1) with either P = + or P = −. One of the main physical motivations of this paper is to find cases where it is likely that two B mesons can form a bound tetraquark state. From this point of view, attractive potentials with an asymptotic value of 2m(S) are the most interesting -for bound state formation an attractive potential is mandatory, while restriction to the ground state allows to obtain the best quality of data. Moreover, excited states would require a very strongly bound state, otherwise the decay to a ground state SS pair is possible and a statement about binding is not very strong. Hence, the spin/isospin singlet A (scalar isosinglet) with Γ = γ 5 + γ 0 γ 5 and flavour structure ud − du is the natural candidate for further phenomenological investigations, reported already in our previous publication [30] and extended below. In Sec. 4.5, we check whether the binding previously observed at an unphysically heavy pion mass survives or is even enhanced by the physical pion mass limit.
In the plots for I = 1 (Fig. 5, 24 potentials, flavour structure uu, dd or ud + du), solid lines correspond to I z = 0, while the dashed ones to I z = ±1. There are four isospin triplet channels (I = 1, j z = 0) with different combinations of P/P x and two spin/isospin sextet channels (I = 1, j z = ±1) with either P = + or P = −. The difference between I z = 0 and I z = ±1 is due to the breaking of isospin symmetry by twisted mass fermions. As such, it is only a discretization effect and actually the differences in the results for these two I z channels can be used to estimate the size of cut-off effects in our computations. This is particularly important, since we have only used one lattice spacing at the moment. As can be seen in Fig. 5 , the above mentioned differences between I z channels give consistent results in most of the cases (i.e. within statistical error of each other). Only in few cases the differences exceed the 1σ-level, but they are never larger than approximately 2σ. This allows us to conclude that the discretization effects are rather small in our setup and justifies the use of these results to conclude about the behaviour in the continuum. As mentioned above, we are especially interested in attractive potentials with the asymptotic value of 2m(S). 
Using B B potentials in the Schrödinger equation
The aforementioned scalar isosinglet A can be treated in a relatively simple way. It has light spin j = 0 and hence the corresponding potential is spin-independent. Therefore, one can use the lattice potential V (r) in the radial Schrödinger equation:
where m H is set to either the bottom quark mass or the B meson mass, S(r) = R(r)/r and R(r) is the radial part of the full wave function, ψ(r, θ, φ) = R(r)Y lm (θ, φ) (Y lm denote spherical harmonics).
The I = 1 channels provide further examples of attractive potentials with the asymptotic value of 2m(S) -in the triplet E (with I z = 0 and |I z | = 1) and in the sextet K (also for both I z = 0 and |I z | = 1), with Γ = γ j + γ 0 γ j (j = 1, 2, 3). These multiplets have light spin j = 1, E corresponds to j z = 0, while K to j z = ±1, and consequently the potential which has to be used in the Schrödinger equation is spin-dependent. The Schrödinger equation then reads:
where the z-component of ψ is the wave function of the j z = 0 state, while the x-and ycomponents correspond to j x = 0 and j y = 0 or (taking suitable linear combination) j z = ±1. Clearly, this is a much more complicated problem than for the multiplet A, because here we have 3 coupled differential equations. In practice, however, the potentials V E and V K are identical within our numerical precision, i.e. V E = V K , and using this equality in the above equation reduces it to a form analogous to Eq. (17) . Still, the potentials obtained for the E and K case are much less deep and broad (i.e. less attractive) than the one in the isospin singlet A and hence do not lead to the formation of a bound state. As such, we do not discuss them further.
The approach of plugging the lattice extracted potentials into the Schrödinger equation has been extensively used in our previous publications [28, 30] . Here, we summarize its main outcomes, obtained using two ensembles of gauge field configurations -B40.24 and an ensemble with roughly twice smaller lattice spacing (called E17.32). Both ensembles correspond to a single non-physical pion mass of around 340 MeV.
On the B40.24 configurations, we investigated a unitary setup of static-light mesons built of two static antiquarks and two light, but unphysically heavy, u/d quarks. We analyzed in detail the binding in two isospin channels, yielding attractive potentials with 2m(S) as the asymptotic value -scalar isosinglet and vector isotriplet. Using the Schrödinger equation, we found clear indication for binding in the scalar isosinglet case. For the vector isosinglet, we found no binding. It is worth to emphasize that these results correspond to a non-physical value of the pion mass. The theoretical expectation is that binding increases towards the physical pion mass. Therefore, it might be the case that the vector isotriplet case can also be binding at the physical values of the u/d quark masses.
On the E17.32 ensemble, we considered a partially quenched setup of static-strange and staticcharm mesons -the valence quark masses were set to either the physical strange or the physical charm quark mass. For this case, the lattice spacing of B40.24 was not fine enough, mostly since heavier non-static quarks lead to narrower potentials, and hence a twice smaller lattice spacing was used. Analyzing the potentials, we also found no evidence for binding and we do not expect that a lower sea quark mass will change this result.
In our present paper, we now have the results for three different pion masses for the unitary setup. We can therefore address the qualitative question whetherbbud can form a bound state at physically light u/d quark masses and also quantitatively determine the corresponding binding energy.
B B potentials at the physical pion mass
All the results that we have shown so far correspond to only a single ensemble of gauge field configurations -B40.24, at a lattice spacing a ≈ 0.079 fm and at a pion mass of around 340 MeV. Finally, we are of course interested in the continuum results at the physical pion mass. We have argued above that cut-off effects are comparatively small in our setup by comparing lattice results corresponding to the same continuum channel, but affected by different discretization effects -we have found that the results from these different lattice channels are compatible within statistical uncertainties.
However, the question remains to what extent the unphysically heavy u/d quark mass affects our conclusion -in particular how much stronger the binding is at physically light u/d quark masses for the scalar isosinglet and whether binding occurs for the vector isotriplet case. To address this question, we performed computations for two additional ensembles corresponding to the same lattice spacing -B85.24 and B150.24 with pion masses of around 480 MeV and 650 MeV, respectively. We use the same strategy as in Ref. [30] , i.e. to quantify systematic errors we perform several fits of the potentials in different ranges t min ≤ t ≤ t max of temporal separations of the correlation function C(t, r) at which the potential V (r) is read off and different ranges of the static quark separation r min ≤ r ≤ r max of the potential V (r). The fitting ansatz is:
where the fitting parameters are α, d and V 0 , while p is fixed to 2 from phenomenological considerations.
Notice the fit of the B B potential in Eq. (19) is also interesting for effective hadronic models, which assume hadron-hadron potentials, and welcome lattice QCD data to compare with. In particular, in the literature D D and B B interactions are computed from meson exchange diagrams [88, 89, 90, 91, 92, 93] , and are applied to the study of the Z ± c and Z ± b tetraquarks. Moreover, there are also computations of the B B interactions in the open bottom channels [94] similar to ours, including the prediction of binding into a tetraquark. 5 The expressions for the potentials obtained from the fits are then plugged into the Schrödinger equation and for each fit the binding energy E B is computed. If E B < 0, we conclude that the given potential leads to binding of the interacting B mesons. Having several fitting ranges allows us to reliably investigate the systematic uncertainties related to the choice of the t-and r-intervals. To this aim, we build distributions of the fitting parameters α, d and of the binding energy E B .
Moreover, for each t-and r-range, we also extrapolate the potentials to the physical pion mass, using a linear ansatz in m 2 π , i.e.
where V (r, m phys π ) and c are fitting parameters and m phys π is the physical pion mass. Examples of such fits are shown in Fig. 6 for the t-interval t/a ∈ [4, 9] and for r/a = 2, 3, 4, 5. In all cases, the linear fitting ansatz gives good description of lattice data. The extrapolated potential V (r) at the physical point can then be used in the same way as potentials at non-physical pion masses, i.e. for fits of Eq. (19), using various t-and r-intervals to account for systematic uncertainties.
Scalar isosinglet channel. The results of this procedure for our different ensembles are shown in Tab. 6, together with the outcome for the extrapolated potential. The tendency that Table 6 : Extracted values of the fitting parameters α and d (in fm) and of the binding energy E (in MeV) in the scalar isosinglet channel (I = 0, j = 0). We show results for three ensembles differing in the pion mass and for the potentials extrapolated to the physical pion mass.
Ensemble we observe is clear -binding in the scalar isosinglet case (I = 0, j = 0) becomes stronger towards the physical pion mass. For the latter, we observe binding of:
Note that the result at the physical point is compatible with the one for ensemble B40.24, i.e. the pion mass dependence of the potential is relatively mild close to the physical point. The conclusion that the attraction between two B mesons (with a static antiquark and a light up/down quark of physical mass) in the I = 0 channel is strong enough to form a tetraquark state and the value of the binding energy are among the main physical results of our paper. Although they were obtained with only a single lattice spacing, we have strong hints that cut-off effects are under control and should not affect the final conclusion.
Vector isotriplet channel. An analogous procedure for the vector isotriplet channel (I = 1, j = 1) gives the results in Tab. 7. Regardless of the pion mass, we observe no binding and the results are essentially independent on m π within our precision. With these results, we agree with Ref. [22] , where a similar study was done for D D systems. Moreover, in our analysis, the parameter α is the same for I = 0 and I = 1 potentials within uncertainties. Hence, it is the much smaller value of the potential range d that is responsible for the absence of binding in the vector isotriplet channel, as compared to the scalar isosinglet case.
Summary for both channels. Finally, we summarize our results for both channels in 
Conclusions
We have performed a lattice computation of potentials between two B mesons in the static approximation. We have investigated various channels, characterized by different quantum numbers (I, I z , |j z |, P, P x ). The most interesting cases from the point of view of formation of tetraquark states are the attractive potentials with twice the mass of the S meson as asymptotic value. After identifying such potentials, they can be fitted by a phenomenologically motivated fitting ansatz and then inserted in the Schrödinger equation to assess whether a bound state can form. We have already followed such approach in our previous publication, however only at a single non-physical value of the pion mass.
In this work, our computations have been performed at three values of the pion mass -from around 340 MeV to 650 MeV. This has allowed for an extrapolation of the potentials to the physical pion mass, leading to one of the main conclusions of this paper: two B mesons built of a static antiquark and a light quark of physical up/down quark mass form a tetraquark state in the scalar isosinglet channel. The strength of the binding has been found to be E B = −90 +43 −36 MeV, i.e. binding at a confidence level of more than 2σ.
In addition to this result, we have shown in detail the results for the potentials at our lightest pion mass of approximately 340 MeV, i.e. a rather light dynamical quark mass, including for the first time also potentials between excited mesons. Although our computations have been performed at a single value of the lattice spacing, we have found certain indication that the cut-off effects are not very large by analyzing different channels leading to the same result in the continuum limit.
One of our main findings is also a rule stating that a considered potential is attractive when the trial state corresponding to the potential is symmetric under combined exchange of flavour, spin and parity. We have also discussed a justification of this rule based on phenomenological considerations.
As a follow-up work, we plan to further investigate sources of systematic errors in our approach. In particular, this includes a better control of cut-off effects, finite volume effects and quark mass effects. For the latter, we plan to use ensembles at the physical pion mass, currently generated by the European Twisted Mass Collaboration. It would also be an interesting direction to supplement the lattice computation by a perturbative calculation of BB potentials at small meson separations.
We also plan to include effects due to the heavy quark spins following the exploratory study of Ref. [76] . This is most important, since the contribution of the heavy quark spin to the hyperfine splitting is of the some order as the binding energy we obtain for the tetraquark.
